Sets and functions by Arcozzi, Nicola
SETS AND FUNCTIONS
Notation. The quantifier ∀ stands for “for each” and the quantifier ∃ stands for “there exists”. The arrow
⇒ means “implies” and the double arrow ⇔ means “if and only if” (also abbreviated as iff).
A set is a well definite collection of objects. This means that for any given set A and object α it possible
to decide whether α is, or is not, an element of A. We write α∈A (α belongs to A) in the former case and
α  A in the latter (α does not belong to A).
Sets can be given (i) by explicitely listing their elements; (ii) by a property satisfied by the elements of the
sets and no other; (iii) as an empiric collection of data (which is in a sense a special case of (ii)).
i. A={1, 5, 11} contains the elements 1, 5, 11;
ii. B = {x: x is a positive integer number without divisors, except 1 and itself} is the set of the prime
numbers, and the property P (x) of x is P (x)=“ x is a positive integer number without divisors,
except 1 and itself”;
iii. C = {x:x is a painting belonging to theUffiziGallery}.
Some sets have finitely many elements, others have infinitely many. The symbol ♯ denotes the number of
elements of a finite set: ♯(A) is the number of elements in A. e.g. ♯({a, 3,42,X, φ})=5. Sometimes we write
♯(A)=∞ if the set is infinite.
Two sets are equal iff they are the same sets; i.e. if they have the same elements.
Example of sets and of equal sets.
• A= {1, 2, 3, 7}= {3, 7, 2, 1}= {1, 1, 7, 3, 2, 3}: the order does not count and repeated elements count
as one.
• B= {x:x is an odd number and 06x6 10}= {1, 3, 5, 7, 9}.
• C = {b: b is the height of in cmof a student in the class }. Since we do not take into account repetitions,
a class of 100 students might produce a set of fewer heights (actually, we expect this to be the case).
• D= {(a, b): a is the ID number and b is the height in cmof a student in the class }.
• E = {x:x is a positive integer and it is divisible by 6}.
It is possible to define sets with repetitions. We will not use them.
The empty set φ is the set having no element: ∀x:x  φ.
Operations between sets. Let A,B be sets:
• the union A∪B of A and B is defined as
A∪B8 {x:x∈A or x∈B};
• the intersection A∩B of A and B is defined as
A∩B8 {x:x∈A and x∈B}.
• the difference A \B of A and B is defined as
A \B8 {x:x∈A and x  B}.
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Relations between sets.
• Equality: A=B iff ∀x:x∈A⇔ x∈B.
• A is a subset of B, written as A⊆B, iff ∀x:x∈A⇒x∈B.
The empty set is a subset of all other sets: φ⊆A for all sets A.
When writing a set, it is convenient to specify first which kind of elements we are dealing with (namely,
specifying a universe). If N is the set of the nonnegative integers, the set Odd of the odd numbers can be
written in many ways. For instance:
Odd = {n:n is a positive integer which is not divible by 2}
= {n∈N:n is not divible by 2}
= {n∈N: ∃m∈Nwithn=2m+1}
= {n∈N:n/2 has remainder 1}
and herewe think of divisionwith remainder
= {n∈N:n/2N}
and herewe think of divisionwithout remainder.
= {1, 3, 5,
 , 2m+1,
 }
leaving to the reader to understandwhat the rule is.
Exercise. Show that if ♯(A)=n, then A has 2n subsets.
FUNZIONI
Definition. Let A, B be two sets. A function f :A→B associates to each element x ∈A one, and only
one element y= f(x)∈B. The set A is the domain of f , B is its codomain.
We say that y= f(x) is the image of x under the function f . We also write f :x y or x f(x) to denote
the function, is we want to highlight the rule followed to associate to a given x∈A some y ∈B.
For instance, f : x x2, x ∈R, associates to each real x its square. We always have to specify domain and
codomain. In this example, it is convenient to think of f :R→R.
The image of f :A→B is B ⊇ f(A)= {y= f(x):x∈A}: the set of the images of all elements of A under f ,
which is a subset of B.
Examples.
1. If A= {a, b, c, d} and B= {1, 2}, then
f
a 1
b 1
c 2
does not define a function, since A∋ d has no image in B.
2. If A= {a, b, c} and B= {1, 2, 3}, then
f
a 1
a 2
b 3
c 2
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does not define a function, since A∋ a has two images in B.
3. If A= {a, b, c, d} and B= {1, 2, 3}, then
f
a 1
b 1
c 2
d 1
defines a function.
We might think of a function in different ways. Sometimes it is suggestive and useful to think of it as a “black
box” tranforming the input values x into the output values y= f(x).
x∈A y ∈B
Black box view of a function
f(x)= y
Definition. A function f :A→B is injective (or 1−1, one-to-one) if for all x1,x2∈A: f(x1)= f(x2)⇒x1=x2.
This is the same as saying that for all x1, x2∈A:x1 x2⇒f(x1) f(x2).
Example. The function y= f(x) = 3− 5x, f :R→R, is injective. Let x1, x2∈R:
f(x1) = f(x2)
iff
3− 5x1 = 3− 5x2
iff
x1 = x2.
Example. The function y = f(x) = x2, f :R→R, is not injective. In fact, f(1) = 12 = 1= (−1)2 = f(−1),
although −1= 1.
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It is possible, and sometimes useful, to recover injectivity for the formula definining the function, by
restricting the domain. In the example above, we can consider g: [0,+∞) = {x∈R:x> 0}→R, g(x)= x2:
g(x1) = g(x2)
iff
x1
2 = x2
2
iff
0 = x2
2− x1
2=(x2−x1)(x1+x2)
iff
x1 = x2,
since x1+ x2=0 with x1, x2> 0 iff x1= x2=0.
Definition. A function f :A→B is surjective (or onto) if f(A) =B; i.e. if ∀y ∈B∃x∈A: f(x)= y.
For instance, the map f : R→R, f(x) =
{
x+1 if x6 0
x− 1 if x> 0
is surjective (draw its graph), although not injective
(e.g. f(−1)= 0= f(1)).
Definition. A function f :A→B is bijective if it is both injective and surjecvtive. i.e. for each y ∈B there
is one and only one x∈A s.t. f(x)= y.
Exercises.
1. If A and B are finite sets, and f :A→B is injective, what can we say on ♯(A) and ♯(B)?
2. If A and B are finite sets, and f :A→B is surjective, what can we say on ♯(A) and ♯(B)?
3. If A and B are finite sets, and f :A→B is bijective, what can we say on ♯(A) and ♯(B)?
4. Is the map f :R→R, f(x) =x2(x− 1) injective?
5. Is the map f :R→R, f(x) =x3 injective, surjective, bijective?
Definition. Given maps f :A→B and g:C→D such that f(A)⊆C, the composition of f and g is the map
g ◦ f :A→D defined by (g ◦ f)(x)= g(f(x)).
Example. Let f , g:R→R, f(x)= x+1 and g(x)= x2. Then,
• (g ◦ f)(x) = (x+1)2, g ◦ f :R→R;
• (f ◦ g)(x) =x2+1, f ◦ g:R→R.
Observe that the composition is not always commutative, even if domains and codomains of the functions
involved do not a priori rule out this possibility.
Exercise. Which of the following assertions are true? Which false? (If false, provide a counterexample, if
true, a proof).
1. If f is injective and g is injective, then g ◦ f is injective.
2. If f is injective and g is surjective, then g ◦ f is injective.
3. If f is injective and g is surjective, then g ◦ f is surjective.
4. If f is surjective and g is surjective, then g ◦ f is surjective.
5. If f is injective and g ◦ f is injective, then f is injective.
6. If f is injective and g ◦ f is surjective, then f is surjective.
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